In this paper, in order to make the convergence faster to a function being approximated, we introduce a kind of complex modified q-Durrmeyer type operators which can reproduce constant and linear functions. We study the approximation properties of these operators. We obtain the order of simultaneous approximation and a Voronovskaja-type result with a quantitative estimate for these complex modified q-Durrmeyer type operators attached to analytic functions on compact disks. More important, our results show the overconvergence phenomenon for these complex operators. MSC: 30E10; 41A25
Introduction
Let q > , for each nonnegative integer k, the q-integer All of the previous concepts can be found in [, ] . In  Philips [] firstly introduced and studied q analogue of Bernstein polynomials. After this, the applications of q-calculus in the approximation theory became one of the main areas of research; many authors studied new classes of q-generalized operators (for instance, see [-] ). Very recently Gupta and Wang [] introduced and studied the following q-Durrmeyer operators for  < q < : where x ∈ [, ], n = , , . . . ,  < q <  and
Agarwal and Gupta [] have extended the operators which were given by (.) to a complex space and have studied the approximation properties of these complex operators. They have obtained the order of approximation and a Voronovskaja-type result with a quantitative estimate for these complex operators attached to analytic functions on compact disks.
The moments of the operators T n,q (f ; x) were obtained as follows (see [] ): http://www.journalofinequalitiesandapplications.com/content/2012/1/212
It can be observed from the above remark that the operators T n,q (f ; x) reproduce only a constant function. To make the convergence faster, we modify these operators so that they reproduce constant as well as linear functions. For this reason, we change the scale of reference by replacing the term x by
], we have the following positive linear operators:
, n ∈ N,  < q < , the term p n,k (q; x) is given in (.) and
By simple computation, we get the moments of the operators R n,q (f ; x).
The aim of the present article is to obtain approximation results for the complex extension of the q-Bernstein-Durrmeyer type modified operator (.) defined by
where z ∈ C, n = , , . . . ,  < q <  and t n,k (q;
Auxiliary results
In the sequel, we shall need the following auxiliary results. where c s (m) ≥  are constants depending on m and q and
Proof By the definition of q-Beta function, we have
Considering the definition of the B n,q (f ; z), for any m ∈ N, applying the principle of mathematical induction, we immediately obtain the desired conclusion.
Lemma  Let  < q < . For all m, n ∈ N, we can get the inequality
Proof By Lemma , we have
On the other hand, we have t n,k (q;
and t n,n (q;
[n] q [n+] q ) = . So, by formula (.) and using the above values, we have
which implies that we get the desired conclusion.
Corollary  Denote e m (t) = t m , let r ≥  and  < q < . Then for all m ∈ N ∪ {} and |z| ≤ r,
Proof By Lemma , we have M n,q (e  ; z) =  and M n,q (e  ; z) = z, therefore, this result is es-
n- q , by simple calculation, we obtain
It follows that
So, the q-integral in the above formula becomes
Thus, we obtain we can get the recurrence in the statement.
and z ∈ C, we have
Proof Using formula (.), by simple calculation, we can easily get the recurrence (.), the proof is omitted here.
Lemma  If P m (z) is a polynomial of degree m, for all |z| ≤ r, we have
where P m r = max{|P m (z)|; |z| ≤ r}.
Proof The proof is easy by using the Bernstein inequality and the complex mean value theorem, the proof is omitted here.
Let e m (t) = t m , m ∈ N. By Lemma , for all |z| ≤ r, we have
Main results
The first main result is expressed by the following upper estimates.
For all |z| ≤ r and n ∈ N, we have
where
are arbitrary fixed, then for all |z| ≤ r and n, p ∈ N, we have
Proof Taking 
(i) By Lemma , Lemma  and Corollary , for all m ∈ N, we get
By writing the last inequality, for m = , , . . . , we easily obtain
In conclusion, it follows that
By the hypothesis on f , we have f () (z) = 
(ii) Denoting by the circle of radius r  > r and center , since for any |z| ≤ r and v ∈ we have |v -z| ≥ r  -r, by the Cauchy's formulas it follows that for all |z| ≤ r and n, p ∈ N, we have The following Voronovskaja-type result with a quantitative estimate holds.
] and for all n ∈ N, |z| ≤ r, we have
Proof
it is obvious that E k,n (q; z) is a polynomial of degree less than or equal to k. By simple computation and the use of Lemma , for all k ≥ , we can get
For all k ≥ , we easily obtain
for all k ≥ , we can get
Thus, through simple calculation, we can get
Now, we estimate A k,n (q). Similar to the calculation of B k,n (q), for all k ≥ , we have
By simple calculation, it follows that
Thus, for all k ≥ , n ∈ N and |z| ≤ r, we can obtain
For all k ≥ , n ∈ N and |z| ≤ r,  ≤ r, it follows
Using the estimate in the proof of Theorem (i), we get
Denote f r = max{|f (z)|; |z| ≤ r}, by Lemma , we have
It follows
where F k,r is a polynomial of degree  in k defined as
is expressed in the above. Since E ,n (q; z) = E ,n (q; z) =  for any z ∈ C, therefore, by writing the last inequality for k = , , . . . , we easily, step by step, obtain the following:
As a conclusion, we have
As
k- and the series is absolutely convergent in
This completes the proof of the theorem.
In the following theorem, we will obtain the exact order in approximation.
where f r = max{|f (z)|; |z| ≤ r} and the constant C r (f ) >  depends on f , r and on the sequence {q n } n∈N but is independent of n.
Proof Denote e  (z) = z and
For all z ∈ D R and n ∈ N, we have
Considering the hypothesis that f is not a polynomial of degree ≤  in D R , we get e  ( -e  )f r > . http://www.journalofinequalitiesandapplications.com/content/2012/1/212
Indeed, supposing the contrary, it follows that z( -z)f (z) =  for all z ∈ D r , that is f (z) =  for all z ∈ D r . Thus, f is a polynomial of degree ≤ , a contradiction to the hypothesis.
By Theorem , we get [n] , n ∈ N,
